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Abstract

Rod photoreceptors have the remarkable ability to respond to a single photon. A photon
absorption triggers the activation of a receptor which is subsequently amplified by the activation
of only 5-10 molecules. Because of such low numbers, the activation process has to be proceed in
a coordinated manner in order to generate a reproducible signal. In addition, this signal has to
overcome the background noise generated by spontaneous activations and deactivation of millions
of enzymatic molecules. We review here recent modeling and stochastic analysis of the molecular
events underlying the single photon response and the background noise. The homogenization
procedure of the rod geometry is the first step for reducing the three into one dimensional, so
that numerical simulations become possible and reveal the fundamental relation between proteins
concentrations, biochemical rate constanct and rod geometry. The stochastic modeling is used
to analyse electrophysiological recordings and to extract in vivo biochemical constants. Modeling
phototransduction has evolved at the far front of cell transduction and system and thus the
approach presented here can be apply to any transduction mechanisms.

1 Introduction

Signal transduction at a single molecular level is based on stochastic biochemical events occurring
in constrained cellular microdomains. Molecular fluctuations in the transduction pathway generate
a cellular background noise, which sets the limit of cell detection. This limit is generic to most of
transduction mechanisms that consists of converting a molecular signal into a cellular response. For
photoreceptors, light (photons) is transformed into a cellular change of the voltage potential called a
hyperpolarization (decrease of the voltage) due to the exit of ions, For olfactory cells, a single odorant
molecule can activate a flow of ions through voltage gated channels. During synaptic transmission,
neurotransmitters generate a local depolarization. Finally, a transcription factor in the cell nucleus
activates or regulate genes, leading to protein expression. In all of this example a molecular signal
lead to a cellular response, but how such a signal overcome the noise and what is the nature of the
molecular and cellular noise. We will explore this question based on modeling and analysis of the
single photon response in photoreceptors.

A key step in the cellular response to a small molecular event is the amplification of the signal,
which occurs by a protein (G-protein )cascades. Of all the G-protein cascades in nature, the best-
understood are those initiated by the absorption of a photon in Drosophila microvilli [1, 2] and in
the outer segment (OS) of vertebrate rod photoreceptors (Fig. 1) [1, 3, 4]. The rods of amphibians
and mammals have been shown to have the remarkable ability to detect single-photons of light above
background noise [5, 6]. But amphibian and mammalian rods differ in concentrations and biochemical
properties of proteins involved in the light response, and by as much as an order of magnitude in the
diameter of their disk membranes, where the reactions of the cascade take place. It remains largely
unknown how the biochemistry and the geometry adapt to guarantee a reliable macroscopic response
initiated by a single molecular event.



We summarize in this review recent progress in mathematical modeling of single photon response
in rod photoreceptors. The modeling, analysis and simulations combines several methods. First, be-
cause it is yet not possible to model millions of interacting molecules, the three dimensional geometry
of the rod geometry is reduced to a one dimension. This is possible because diffusion in a thin cylin-
der is well approximated by a one dimension process. In that context, reaction-diffusion equations
can be written for the subcellular molecular interactions occurring inside the rod structure. Second,
there a geometrical separation between chemical reactions occurring on the membrane and others
inside the three dimensional cytoplasm. This geometrical separation allows studying separately two-
an three- dimensional chemical reactions. Two dimensional chemical-reactions do not rely on suffer
from geometrical confinement and studied using a Markov chains. However, connecting the output
of two-dimensional reactions with the three dimensional ones uses the one-dimensional diffusion re-
duction approximation. The overall reduced modeling allows to perform stochastic simulations that
explain the variability in the biochemistry and allow to study the major source of noise during a
single-photon response.

We recall briefly that noise in the photoreceptor is generated by the fluctuations in the activity
of a critical enzyme called phosphodiesterase (PDE). This enzyme fulfills two essential functions.
First, the phosphodiesterase that becomes activated through the transduction cascade after a pho-
ton absorption (light-activated PDE) increases the hydrolysis of cGMP, a diffusible second messenger
controlling the opening of ionic membrane channels, leading to channel closure and cell hyperpolar-
ization; second, spontaneously activated PDE is necessary to maintain in darkness a steady-state
c¢GMP concentration and to set the cGMP turnover rate, an important determinant of the time scale
of the photon response [7, 8] (Fig. 2). Fluctuations in the number of spontaneously activated PDEs
generate a background noise that is commonly referred to as the dark noise [9, 7, 10]. The main
source of variability in the amplitude of the single-photon response is due to variability in the number
of light-activated PDEs [11, 12, 6, 13].

Photon response curve and noise generated within the transduction cascade are evaluated using
spatially resolved reaction-diffusion equations and stochastic simulations of PDE activations at the
level of single molecules. We present here a summary of multiscale simulations that account for the
molecular details (PDE activations and ¢cGMP hydrolysis) and the intrinsic molecular noise called
dark noise. The result of the simulations can be directly compared to experimental recordings and
the analytical expressions for the dark noise power spectrum are used to extract the values of key
parameters from the analysis of measured current recorded in Wild type (WT) and but also in
genetically modified cells such as Caps~/~ knockout mice.

This review is organized as follows: in the first part, we present the homogenization procedure
to reduce the three-dimensional rod outer-segment geometry to a one dimensional with an effective
diffusion coefficient. In the second part, Markov chains are used for modeling the stochastic activation
of PDE molecules following a photon absorption. We also present the modeling of the spontaneous
PDE activation. In the third, we analyze the Laplace equation to computing the cGMP hydrolysis
rate, based on the narrow escape theory in narrow band [14]. In section four, we introduce the coupled
system of equations for ¢cGMP and calcium currents. In section five, we present the stochastic
simulations of a single photon response. Finally, in the last section, we explain how numerical
simulations are used to extract biophysical parameters from dark noise recordings and single photon
response.
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Fig. 1: Geometrical organization of rod and cone photoreceptors. (A)Electron Microcopy
(EM) image of rods and cones located in the retina. (B) Schematic modeling of a rod and a cone
showing their polarized structure: light sensitive outer segment, inner segment with nucleus and
synaptic terminal.(C) Cross section of a rod outer segment: internal disks divide the outer segment
into almost independent cylindrical compartments.



2 Modeling phosphodiesterase (PDE) activation after a photon ab-
sorption using Markov chain

To simulate the time course of the stochastic number of activated PDE P* following a single photon
absorption, we use Markov chain [15] (see also [16]): after photon absorption, a rhodopsin molecule
undergoes a conformational modification and changes from an inactive R into an active R}; state,
where IV is the total number of available phosphorylation sites. The R}, phosphorylation are cat-
alyzed by a rhodopsin kinase (RK) that gradually reduces the activity of rhodopsin (Fig. 2A-B).
Through phosphorylation, rhodopsin in the state R, undergoes a transition to state R} _;, modelled
by the state dependent Poissonian phosphorylation rate A,. R) activates the G-protein transducin
T* with rate k,,, which constitutes an amplification process. A T™ transducin binds to a single PDE
with a rate u; and forms a complex denoted by P* (see Fig 2A-C), which subsequently deactivates
with rate u,. Eventually, the rhodopsin R, becomes deactivated through another molecule arrestin
binding with a rate p,. The kinetic reactions are summarized as follows (see table 1)

)\n *

R, = R,,4

R, £ R
R +T o R4 (1)
"+pP X p*

pr 2 op

The state of the signalling process is described by three stochastic variables integer values (n,l, k),

Table 1: Parameters for PDE activation

Parameter Definition
P:p comp Mean number of spontaneous actived PDE molecules per compartment
Pf;’max Mean of the peak number of light-activated PDE
Ppde PDE surface density
Usp Spontaneous PDE activation rate
sp Spontaneous PDE deactivation rate
JIn Deactivation rate for light-activated PDE
Trh Activated Rhodopsin lifetime
N, Number of Rhodopsin phosphorylation steps
Vrt,maz Maximal transducin activation rate
w Decay rate of transducin activation with the number of phosphorylation steps
Vip Rate by which activated transducin activates PDE

which are the phosphorylation state 0 < n < N of R* (n corresponds to the number of remaining
unphosphorylated sites), the number 0 <[ < 0o of Tx and 0 < k < oo for P*. The joint probability
P, (I, k,t) satisfies the Master equation

%Pn(l,k,t) = M1 Pop1(LEt) + kPl — 1,k 1)
(I + D P (I 4+ 1,k — 1,8) + pp(k 4+ 1) Py (1, k + 1,1)
— (A pin + ko + el + ppk) Po(l, k1), (2)



In state n = 0, all sites are phosphorylated and \y = 0. After a photon absorption, R* is in state n =
N and the number of T* and P* are zero. The initial condition is given by P, (I, k,0) = 6, ~501,00k.0,
where (9; ; is the Kronecker symbol).

2.1 First and second moment (Mean and variance) of rhodopsin lifetime distri-
bution

The mean and variance of R* lifetime can be computed from the probabilities P,(t) to find Rx* in
state n at time ¢. By summing Eq. 2 over [ and k, the probability vector P(t) = (Pn(t),..., Po(t))"
satisfies the equation

—bBn
d - _ AN —fOn-
SP(t) =8 P() with = b (3)
A —Bo
aqnd Bn = An + - To compute the mean R* lifetime, we integrate Eq. 3 using the initial condition
P(0) = (1,...,0)" and we use that P(t) vanishes for t — co. We obtain for the mean time
N o
f—Z/ Pu(t)dt = ~Tx (ST'P(0)) = Zﬂ Hpk, (4)
n=0"0 " k=n+1

with p, = % Eq. 4 has an intuitive interpretation: it is the sum of mean lifetimes % in each state

n multipliednby the probability to reach this state before being deactivated via arrestin binding (see
also fig. 2E).
The variance is computed by integration by parts in the relation

5, = —ZNj/mﬂjtpn t—7 —Z/ AP, (t)dt — 72 —2Tr(S 2P(o))
= 222 pr— 7. (5)

n=0 j=0 6]kj+1

The coefficient of variation (CV) of Rx lifetime (Fano factor) has a lower bound that depends only
on the number of phosphorylation sites N [15]. Indeed using Eq. 4 and Eq. 5, we have

Ve =02 o (6)

The minimum CV, = \/Lﬁ is achieved for (3, = const and p, = 1. The first condition reduces the

lifetime variability of the various deactivation states. The latter condition requires that arrestin binds
only when R* is fully phosphorylated, which maximizes the effective number of deactivation steps.

2.2 Stochastic analysis of the number of activated PDE

As shown in the previous paragraph, multiple phosphorylations of the rhodospin molecule reduces
the C'V, and lead to a more reliable R* deactivation process. Is a reliable R* deactivation process
leads to a minimal variance in the number of P*? how multiple phosphorylations affect the mean



and variance of the number of activated PDE? In particular, does a low C'V; entail a low CV of
the number of activated PDE? The answer to these questions is based on a system of differential
equations to compute numerically the time dependent mean and variance of P* and the mean and
variance of the total number of P* that are activated during a single photon response. We now
present such equations.

2.2.1 System of differential equations for mean and variance

The mean and variance that depend only on the phosphorylation state n of R* can be computed by
decomposing the matrix S into a sum of left eigenvectors. By decomposing the activation rate vector

k= (kn,... ko) into N eigenvectors k; of the matrix S, we get
N
k= k with k'S=-pk, (7)
1=0

we obtain for the individual mean values the relation

7 z dtzkznp Z kznsnm m ):_61]%1@) (8)

n,m=0

Together with the initial condition P(0) = (1,...,0)", we get

N N
k()= ki(t)=> kiye "' (9)

=0 =0

N 2
n= Okn

Similarly, the variance X (t) = Y . (t) — k(t)? is calculated by decomposing the vector & =

(K%, ... kD).
We now present the time dependent mean and variance of PDE defined by

N o~
=Y ) kPu(lk,t) and X Z Z k2P, (1, k,t) — P(t)% (10)

n=01,k=0 n=01,k=0

Using Eq. 2, it is possible to obtain a closed system of differential equations for the mean and
cross-correlations,

(ZtT(t) = —wT(t)+ k()

?P () = —upP(t) + mT(t)

%Et(t) = =20 %(t) + peT(t) + 28ke(t) + k(2) (11)
gtzp(t) = —2ppEp(t) + 2 (1) + pT'(t) + ppP (1)
—Sip(t) = (e + pp) Zep(t) + B (t) — T (t) + S (1) -

The mean activation rate k(t) can be computed independently and therefore is an input function.
To close this system we need additional equations for ¥, (¢) and X (t). Using the decomposition
in Eq. 7, we write

Ekt sz t and Ekp szﬂ, (12)



Finally, the missing equations that close the system are

jtzk t(t) = —(Bi 4 pe) B, ( Z kik; i~
d
s ok(t) = —(Bi+ 1) i (1) + Ntzkzit(t) :

The correlation functions Sy, (t) = 3, kinkjnPn(t) — ki(t)k;(t) and k(t) are known functions.

2.3 Stochastic dynamics of the number of activated PDE

To further investigate how the variability of R* deactivation can influence the production of P*, it
is useful to compute the mean P, and variance Y, , of the total number of P* produced during
a SPR. This computation is obtained by setting the P* deactivation rate to zero, u, = 0, in which
case all P* are conserved. We obtain

P = [Rwi=Y 2 T] o, (14)
Diot Pt0t+2/0002kt( Ptot"'zz

n=0 j= 0 Jk ]+1

The lower bound for the CV of the total number of P* is

N
5> 1+ 3
CVpyy = Y52 2 F (16)

Although the coefficient of variations C'V},,, and C'V; share the same lower bound 1/ VN, in general,
minimal values for both cannot be achieved simultaneously. Indeed, whereas a minimal C'V), , re
quires ky, /B, = const and p, = 1, a minimal C'V; is achieved for 1/, = const and p, = 1. Thus,
by adjusting the activation rates k, one can have a minimal C'V,,,, even when C'V; is far from being
minimal. Thus, a reliable Rx lifetime is neither necessary nor sufficient for a reliable PDE activation.
For constant transducin activation rates (k, = k) we have almost linear relations Pyt = k7, X,,,,

and X,,,, = Piot + k*3; (see also [15]).

2.4 Modeling the spontaneous PDE activation

In addition to PDE activation after a photon absorption, PDE molecules activate and deactivate
spontaneously with Poisson rates vy, and ), according to the biochemical reaction

P = pr. (17)

Hsp P

Spontaneous PDE activation is an inconvenient mechanism, generating a background noise (dark
noise) that obscures the signal from a single photon absorption: the signal generated by a photon has
to overcome the dark noise amplitude[7]. However, spontaneous PDE activations are crucial because
they hydrolyze cGMP in the dark and are essential to guarantee a steady-state concentration of
¢GMP in the transduction current in the dark.



Using Eq. 17, the average steady-state number of spontaneously activated PDE in a compartment
is given by

p:p,comp = 2ppd€7TR2 Cop J (18)
Hsp

where pq. is the PDE surface density and R is the compartment radius. For example, for toad rods,
assuming vy, = 4 x 1074s71 and ps, = 1.8571 [7], R = 3um and ppge = 100pum =2 (see Table 3), we
find Pjp@omp = 1.25. Fig 2D shows a simulation of the stochastic number of spontaneously activated
PDE in a mouse compartment with P}, .. = 0.9 and ji,, = 12.457" (see Table 3).

We use Eq. 17 together with the SSA Gillepie algorithm [17] to simulate the time course of the
stochastic number of spontaneously activated PDE in a compartment (Fig 2D).

2.5 Homogenization of the three-dimensional ROS geometry and reduction of
diffusion in a long cylinder

The outer segment (OS) is the sensory unit of the photoreceptor. The rod OS is divided by internal
parallel disks into compartments connected to each other through narrow gaps between the disk rim
and the OS membrane and through incisures (Fig. 3). A photon is absorbed by a rhodopsin pho-
topigment attached to the surface of a single internal disk. As discussed in the previous paragraphs,
Rhodopsin activation after a photon absorption triggers the activation of many PDE enzymes via a
G-protein (transducin) coupled amplification cascade. Because PDE and transducin molecules are
also attached to the disk surface, the activation process occurs on the internal disk surface, where
the photon has been absorbed (Fig 2A). An activated PDE hydrolyzes (kill) the cytosolic second
messenger cGMP that controls the opening of CNG ion channels in the OS membrane.

The compartmentalization of the OS restricts the diffusion of cGMP between neighbouring com-
partments, whereas diffusion within a compartment is not affected and leads to rapid transversal
equilibration. We therefore adopt the approximation of a transversally well stirred OS where the
three-dimensional geometry is reduced to an effective one-dimension model with an effective longi-
tudinal diffusion constant [19, 20]. We now describe this geometrical reduction as shown in fig 3
and the estimation of the cGMP hydrolysis rate using a general Narrow Escape Theory [21] in a flat
cylinder that involves two- and three-dimensional asymptotic estimates [14].

2.6 Computing the effective longitudinal diffusion constant

The model of diffusion reduction starts with considering Brownian particles in the OS, that are
driven by thermal noise and a trajectory in the cytoplasmic fluid is well described by the overdamped
approximation (Smoluchowski limit) of the Langevin equation. For a molecule located at position
X (t), the velocity satisfies the stochastic equation

YX + F(X) = \/2yew (19)

where F(x) are forces applied onto the particle, 7 is the viscosity coefficient, ¢ = % is the thermal
noise, and  is the white noise produced by thermal collisions [20, 22].

To study equation (19), we make three assumptions: 1) particles do not bind; 2) in the time scale
of seconds, short range electrostatic interactions that arise from the charged disc membrane surfaces
[23] and/or charged particles in solution average and cancel out. As a consequence all electrostatic
terms are neglected and the force term F(x) in eq. 19 is set to zero; 3) particles do not permeate
across OS membranes.
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Fig. 2: Signal transduction and PDE activation. (A) Signal transduction cascade of a vertebrate
photoreceptor. (B) Schematic representation of deactivation of an activated rhodopsin following
multiple phosphorylations and arrestin binding [18]. (C) Stochastic simulations (black) of the number
of activated PDEs after a single photon absorption in a mouse rod, average (red) and the analytic
result for the mean (green). (D) Stochastic simulation of the number of spontaneously activated
PDEs in a mouse compartment withe a mean P;p’comp = 0.9 and g = 12.4s71. (E) Probability
of activated rhodopsin lifetime depending on the number of phosphorylation sites. (F) Mean to
standard-deviation ratio for activated PDEs plotted as a function of the mean PDE normalized by
its maximum value [15].
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Fig. 3: PDE hydrolysis rate and homogenization. (A) Schematic representation of a cylindrical
compartment with an activated PDE on the surface. A diffusing cGMP trajectory in the cytosol is
terminated (hydrolyzed) when reaching the activated PDE site for the first time. (B) Schematic
representation of cone and rod outer segment structure used to compute an effective longitudinal
diffusion constant.

From the general theory of diffusion, it is well known that the probability density function (pdf)
of one molecule associated with eq. 1 satisfies the standard three-dimensional diffusion equation
inside the cytoplasmic fluid. Under the assumption of independent molecules, the concentration is
simply the product of the pdf by the number of molecule and satisfies the diffusion equation within
the OS:

Oc
i DAc (20)
c(x,0) = co(x) (21)

where co(z) is some initial concentration, and D is the diffusion constant

2.7 Longitudinal diffusion in rod outer segments

ROS consists of repeating spatial compartments, U Fig.3B. Each compartment comprises the dis-
tance from one disc surface to the comparable surface in the next disc. The repeat distance is I,
and it consists in two parts: the cytoplasmic space separating two adjacent discs (interdisc space,
dimension=I[/2) and the disc itself (dimension=[/2). Diffusion between adjacent interdisc spaces
occurs either through disc incisures or the perimeter gap that separates disc edges from the plasma
membrane. The compartments’ radius is constant and denoted by r. We adopt the following nota-
tion: Nj is the number of free Brownian particles in the Uy compartment of volume V. The present
analysis originates from [20].

The objective of the following derivation is to compute the ROS longitudinal diffusion constant,
Dy, in terms of the OS’s structure. Variation in the number of particles in unit U equals the difference
of flux into compartments k-1 and k+1, that is

dNg(t)
dt

= —D[Jk — Jk+1] (22)

10



By definition, Jx41 is the flux between unit Uy and Uyyq through ¥, the open surface that joins
them,

Jp41 = / Ocl@, 1) ds (23)
Skt

where n(x) is the normal derivative pointing outside Uy and OUy = 3j41 U 3. In the time scale
of seconds, the concentration is assumed to be uniform within each U, compartment. This assump-
tion is valid because: 1) diffusion within a compartment (transverse diffusion) is the standard two
dimensional diffusion process where the diffusion constant equals to the aqueous diffusion constant;
2) the ratio of the absorbing boundary surface divided by the reflective boundary surface of a given
compartment is small.

As a consequence, the diffusion along the longitudinal axis is much slower than along the trans-
verse axis. Finally since the concentration inside a compartment equilibrates quickly at the time
scale of seconds, the concentration can be considered to be uniform. Thus the flux through disk
incisures and the perimeter gap is the same and does not depend on the transverse spatial variable.

Combining eqs. 22 and 23 yields,

1 dNk(t) D Oc(xps1,t)  Oc(xp, t)
I, = 15 E'L'ncs by - ’
Vi dt Vi (n +2)( Ox ox )

(24)

where ¥;,,.s is the surface area of a single disk incisures, n is the number of incisures and X, is the
surface of the perimeter gap between the disk’s edge and plasma membrane. ¥ = 27rg,, where r is
the ROS radius and g, is the size of the perimeter gap. The concentration at points zpy1 = x +1

Ni(t)
v then

and xy is evaluated by a Taylor expansion. At the first order, since c(zg,t) =

(25)

dc(xy,t) 1 dNg(t) D 0?c(zp,t)
T A T At

The translation invariance of the rod outer-segment geometry implies that the volume V) of the
compartment Uy is constant with respect to k and equals to the free interspace volume (free volume
of the unit plus the free volume of the incisures)

Vi = el /2 4+ nVipes + Vg = 721 /2 4+ (nXs + 27rg,)1/2, (26)

where Vs is the volume of the incisure and Vj is the volume of the perimeter gap. Finally, eq. 25,
can be reduced to the form of the standard one dimensional diffusion equation, for x € [0, L]

Oc(x,t) D 0%c(z,t)

= 27
ot R 27)
where the longitudinal diffusion constant is defined to be:
D(n¥; Yg)l 1
Dl _ - (TL incs T g) —9D . (28)
T2l /2 + (nXines + Xg)l/2 1
nzincs‘i’zg

2.8 Longitudinal diffusion in cone outer segments (COS)

COS consists of repeating U, compartments, each comprising the distance from the intracellular
surface of one membrane fold to the intracellular surface of the next one (Fig 3B). The repeat distance

11



is [ and it consists of two segments: the membrane fold (size=[/2) and the distance separating one fold
from the next (size=l/2). The volume connecting adjacent folds can be very complicated, however
in average, we can assume that the geometrical shape is fixed and well approximated by a cylinder
of length=[/2and diameter .

To remember that ¢ is the diameter of a disk of area equal to the area of the real surface, we
will refer to & as the “equivalent diameter”. The diameter of a fold at position zj is denoted by dj
and it increases linearly with the longitudinal coordinate as given by dix11 = dj, + do, where dpis the
incremental distance.

Derivation of the longitudinal diffusion equation in COS proceeds through the same steps as
the derivation for ROS, but differs due the difference in the geometry. This difference is due to
variation of the spatial compartment U. In COS, the time variation in the particle number in the
Uy compartment is given by eq. 22 and the flux through the ¥, surface is given by eq. 23. From
these equations, the variation in time of the concentration in a COS compartment is given by:

ide(t) N i 8c(ack+1,t)
(Dzk—&-lian(x)

Vi dt V
Since Xjy1 = X, using a Taylor expansion of the concentration c(x,t), we have:

_ Dzkagf(’;)w) (29)

dc(zg,t) 1 dNg(t)  DXyiql 0%c(w,t)

= = 30
ot Vi dt Vi 9% (30)

The area of the surface X is given by Y41 = 7(6/2)? and the volume is:
Vi = m(5/2)%1/2 + 7(di/2)%1/2 (31)

For dyin the smallest COS diameter (at its tip), dyq. i the maximal COS diameter (at its base), L
is the COS length

dmax - dmzn
“ L (32)

Because of the cone geometry, at position x; the cone diameter is dy = axp + dmin, the longitudinal
diffusion equation can now be expressed as:

Jc(xy,t) Dr(5/2)% 0?c(xy, t) (33)
ot w(6/2)%/2+1/87(awp + dmin)? 022
for x € [0, L], the equation simplifies
2 2
Oc(x,t) 2D¢ 0%c(x,t) (34)

Ot 0%+ (2 + dum)? 022

The longitudinal diffusion coefficient (which is now in one dimension a function of x ) is explicitly
given by

- 2D§?
82+ (za+ dpin)?

D(x) (35)
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2.9 Determination of the diameter function §(z) from the COS structure

Using the COS structure, equation 33 can be modified, to include a spatial dependency in the ¢
variable. Recall that the COS geometry is characterized by the following global parameters. L is
the Length, 7p.se is the radius at the base, 7y, is the radius at the tip and o/ = w The
surface ¥4(x) at the longitudinal position x, connecting adjacent folds is not circular, rather it is a
semicircular disk that surrounds half the perimeter of the membrane folds over the entire COS length
(Fig. 3B). Although by analyzing the electron Microscopy picture, ¥4(x) fluctuates along the OS,
we will neglect such fluctuations compared to the mean.

If 7, () is the radius up to the plasma membrane and 7¢(z) is the radius of the membrane fold
at position x, the surface ¥4(x) (Fig. 3B) then the area of ¥4(x) is

™

Sg(@) = 5 (rm(@)* = r4(2)?) (36)

\V)

For rp < rp(x) < rpase, 7£(x) = rp + &’z and rp(x) = re(x) + d, the gap between the closed loop
of a fold and the plasma membrane is about 100 A, that is d = r,, —ry =0.01 p is small compare to
Tm. We can approximate ¥, (z) by

Ey(@) = mdry (@) = md(rp + (M 2)a) (37)
Let us define the diameter function é(x) of a disk along the COS of the same area as 3,(z) by
5y(2) = m(6(2)/2)? (33)
then

d(z) = 24/d(rip + /) (39)

Using the result of the previous section, we can now incorporate the small changes in the diameter
function §(x) into the cone diffusion equation and equation (33) becomes

Oc(z,t) _ 2D6(x)? 82c(, t)
ot 6(z)? + (za+ dmi)? D2 (40)

with
§(x) =2 d(rtip + ax) (41)

An other derivation of this result using homogenization method can be found in [24].

3 Computing cGMP hydrolysis rates

Key parameters that control the CNG channel opening and the current response are the rates of
cGMP hydrolysis by spontaneously and light-activated PDE, denoted by kg, and k;; that we shall
compute now.

13



3.1 Rate of hydrolysis by spontaneously activated PDE
The rate of cGMP hydrolysis by a spontaneously activated PDE k;), is computed from formula [25, 19]

Bd = kspp:p,comp : (42)
For example, for a toad rod with the experimental value 83 = 1s~! [16, 11] and P, ., = 1.25 [7]
we find kg, &~ 0.857 1. For a mouse rod with 83 = 4.1s7" [26] and P}, ., = 0.9 (see further down)

we get ks, = 4.5s71 (Fig. 3). The different values of ks, in toad and mouse might be due to the
temperature, due to the different encounter rates between PDE and cGMP, or due to differences in
the PDE enzyme between amphibians and mammals.

3.2 Computing the rate of hydrolysis by light-activated PDE from the Narrow
Escape theory

Light-activated PDE is one of the most efficient enzymes [27]. As a consequence, cGMP hydrolysis
by light-activated PDE is limited by the encounter rate k.,. between an activated PDE molecule
diffusing on the disk surface and a ¢cGMP molecule diffusing in the cytoplasms. Because cGMP
diffusion in the cytoplasm is much faster than PDE diffusion in the membrane (~ 100um?/s~! vs
0.8um?/s~! [28], we can neglect PDE diffusion and assume that PDE is immobile. In that case, the
mean rate hydrolysis rate is inversely proportional to the mean first passage time (MFPT) a cGMP
molecule takes to find an activated PDE located on the surface of the compartment.

To estimate the encounter rate in a cylindrical compartment of radius R and height h, we compute
the first passage time of a diffusing cGMP molecule to hit a circular spot of radius a located on the
surface (Fig 3A). The radius a equals the reaction radius between activated PDE and cGMP. To derive
analytic expressions, we place the activated PDE molecule at the disk center. This assumption will
not much affect the leading order term, because in a two or three-dimensional space, the leading
order term of the mean first passage time to a small surface target does not depend on the position
of target [29]. The first passage time 7(r, z) (cylindrical coordinates with rotational symmetry) of a
c¢GMP molecule initially at position (r, z) satisfies the mixed boundary value problem [30]

DyAt(r,z) = -1, 0<z<h,0<r<R
T(r,z) = 0, z=0,r<a
aﬁT(T,Z) = 0, z=0,r>aand z="h (43)
57‘(7”,2) = 0 r=R

D, is the cGMP diffusion coefficient. To obtain the MFPT 7, we average the solution 7(r, z) over a
uniform initial distribution. The result is [25]

Dy [ hao(h/a) 4ln(R/a)—3\ "
g(ﬂa \@ + 3 > ) (44)

where the function ag (2)/v/2 € [0.07,0.25] is shown in (fig 2a of [14]. When h ~ R, ag(2) ~ 1. We
note that the log-contribution in expression originates from the degenerated geometry (flat cylinder).
An analytic closed representation of the function ag is unknown.

We recall that general expression of the MFPT 7 depends on the initial position in the dimen-
sionless variables

kenc -

T R?

1
77

h
r z 57 B:77 |Q|:m:ﬂ-5a27
a a

as

14



is

(y) + wi(z,y), x<1
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—i nxkna)u()+h171:_$2—l 1<z<a
" Tk kna) P T ong T T 0 ==Y

where

and the modified Bessel functions are Ip(z) and Ko(x) and the relations [31] (Ij(z) = I1(x), K{j(z) =
—K(x), we obtain

FO(k:nl‘y kna)

pu(z) = W7 (47)
with
Fo(z,y) = Io(xz)K1(y) + Ko(z)I1(y) -
We recall that
‘ B cosh(zn(,B —y) 22-1
wilew) = m\ ZC”JO T TENC R (48)

_ = c o cosh(zn (8 — y)) _
= ol Z:: whtenn) (it 1)

where z, are the positive zeros of the Bessel function Jy(x), and the coefficients ¢,, are given by

2 1 22 —1
With the relation
Fy(kp, kna) Ii(ln)
= n:_kni 217 n:lni
ap=0, « Fo (k. Tonct) (n ), B To(n) (50)
we obtain a closed matrix equations for the coefficient a,, and b,
Z (Bn + am)fnmam = Z énm')/m
m;O m=0 (51)
m=0

15



where

2 1, 2 (n+13)
z == >1
BIZ—k2, 7w(n+3)2—m?’ =
énm: (52)
V2 V2 1
—=——, m=0
ﬁln 7T7’L+%

is an orthogonal matrix. It is possible to solve these matrix equations by truncating the system at
a certain n leading to an approximated solution for a,, resp. b,. This will lead to an approximation
for the NET 7(z,y) [14].

The encounter rate is given by relation 44 and clarifies how it depends on the underlying geomet-
rical and diffusion properties. For example, for a toad rod with R = 3um we compute kepe ~ 2.9571,
and for a mouse with R = 0.7um we find kepe =~ 615! (with a = 3nm, h = 15nm and ag(h/a) ~ 0.7).
As it turn out, the dependency of k.,. on the OS geometry is crucial to understand how many ac-
tivated PDE are necessary to generate a signal that overcomes the noise. For mouse, the calculated
rate kene = 61571 for mouse is close to the vaue 435! extracted from experimental data [26].

4 Modeling the dynamics of cGMP and calcium ions

4.1 Coarse-grained model for cGMP dynamics

This part of the model consists in first considering separately the dynamics occurring in each compart-
ment: synthesis and hydrolysis of cGMP and second to couple cGMP to neighboring compartments
through the reduced diffusion derived in paragraph 2.6.

The biochemistry can be described as follows: ¢cGMP synthesis is catalyzed by guanylyl cyclase
(GC) that are uniformly distributed on the surface of the disks. The synthesis rate depends on calcium
through Ca?*-sensitive guanylyl cyclase activating proteins (GCAPs) that inhibit GC at high Ca?*
concentration [32, 33, 34, 35]. The calcium dependent cGMP synthesis rate in compartment n is
described by the function

Na
as(n,1) = Qmas <ra HO o) fg(n, t)na> , (53)
where c(n,t) is the free Ca®t concentration in compartment 1, y, is the maximal synthesis rate
for low free calcium, r, = % is the ratio between minimal and maximal synthesis rate, K, is the
calcium concentration for which the synthesis rate is (@maz + Qmin)/2, and n, is the Hill coefficient.
The rate of cGMP hydrolysis depends on the number of spontaneously activated PDE Ps*p(n, t)
and the number of light-activated PDE P}(n,t),

an(n,t) = ksp Py, (n,t) + ki Pji(n,t) . (54)

ksp is the rate constant for a single spontaneously activated PDE, and k;; the diffusion limited rate
constant for light activated PDE, for which we use the encounter rate computed in Eq. 44.

The longitudinal cGMP diffusion between compartments occurs through the effective longitudinal
diffusion constant Dy; < Dg, where Dy is the fast cytosolic diffusion constant [20]. By applying Ficks
law to model the longitudinal flux between neighboring compartments separated by the distance h4+w
(compartment height plus disk width) we get the discrete flux

jd,g(nat) = h(hDj_’lw)(g(n + 17t) +g(n - 1at) - 29<n7t)) ) (55)
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where g(n,t) is the cGMP concentration in compartment n. Finally, the dynamics of cGMP across
the ROS satisfies the equation

%g(n,t) =Jjag(n,t) +a(n,t) — (k:spP:p(n,t) + kliﬂj(n,t)) g(n,t). (56)

4.2 Reduced model for calcium dynamics

To model Ca®t dynamic, we take into account the effective longitudinal diffusion between compart-
ments, the exchange between the OS and the extracellular medium through cGMP gated channels
and Ca’t Nat K+ exchangers, and the buffering activity. The model is presented now.

4.3 Modeling calcium buffers

In darkness, there a steady state concentration of free calcium cq ~ 0.3uM [36] that corresponds on
average to ~ 3.3 ions in a compartment. This number is surprisingly small, given that many feedback
process are regulated by Ca?*. However, there are many Ca?t binding proteins in the OS that
contribute to buffer calcium and increase the amount of Ca?t present in the OS, e.g recoverin, GCAPs
and calmodulin. For example, the concentration of recoverin in a mammalian rod is ~ 600uM [36],
around 2000 times larger than the free calcium concentration; and the GC membrane concentration
~ 50um =2 [36] corresponds to ~ 150 enzymes in a mouse compartment, around 40 times more than
the number of free calcium ions.

In that model, we use the simplest buffering scenario: the buffering activity is much faster than
the time scale where the free Ca?>t concentration fluctuates, and we use a linear relation between
buffered and free Ca®*, valid if the amount of buffered Ca?*t is small compared to the total buffer
capacity. Hence, we consider that the number of bound calcium is

cp(n,t) = Bege(n, t) (57)

with the buffering capacity is Beq.

4.4 Dynamics of calcium exchange via channels and exchangers

Free internal C'a®* ions are exchanged between the OS and the extracellular medium through cGMP
gated channels and Ca?tNat K+ exchangers. The Ca?T influx through the CNG channels depends
on the probability p,(n,t) that a channel is open, which is a function of the local cGMP concentra-
tion:

g(n7 t)nch
gn, t)rer + Kot

Pen(n,t) = (58)

The Ca?t —efflux through exchangers depends on the free concentration c(n,t) and the exchanger
saturation level, leading to the relation

c(n, )
ex(N,t) = —————.
puatn ) = 00 (59
The net local Ca?t membrane flux is
Jea (nv t) = Jch7ca(na t) + Jex,ca(na t) = Jch,ca,maxpch(na t) + Jez,ca,ma:ppex (n, t) . (60)
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The inward current through the CNG channels is carried by both ions Nat and Ca?*

Ich(n7t) _ ch,na(nat) + Ich,ca(nat) _ Ich,ca(n’t) _ _QFJch,ca(na t) ’ (61)
fca fca

where F is the Faraday constant. There is only a fraction f., ~ 0.1 — 0.15 of the channel current

carried by Ca?*t ions [36]. The extrusion of a single Ca?T ion by the exchanger is accompanied by

the influx of four Na* ions and the efflux of one KT [37]. Thus, the extrusion of one Ca?* leads to

the influx of a single positive charge, producing the net exchanger current

Iep(n,t) = FJegca(n,t). (62)

Using Eq. 61 and Eq. 62, we obtain for the local current

I(n,t) = Ip(n,t) + Iex(n,t) = F ( Jehca(M,t) + ez ca(n, t)> (63)

2
Jea
(see below for the analytical expressions). At steady-state in darkness, the calcium influx and efflux
are balanced thus

Jch,ca(n) + Jex,ca(n) = 0. (64)

From Eq. 63, we obtain the expression for the dark current associated with a single compartment

2 2
Icomp,d =—F <f + 1) Jch,ca,comp,d =F ( + 1> Jea:,ca,comp,d . (65)

ca f ca

We can use this result to express the calcium fluxes as a function of Ioypp q,

Jeh,ca(n, t) I d  fea DPen(n,t
Jch7ca(nat) = Jehca,comp,d ch,ca _ _ —comp, ca c )
Jch,ca,comp,d F o fea+2 Deh,d (66)
J (n t) = J d Jem,Ca(nat) _ Icomp,d fca pem(n,t)
ex,ca\l?, ex,ca,comp, Towcocompd F Jut? ped

where g4 and ¢4 are the mean concentrations in darkness and

Nch

=24 d - 67
pCh,d ggch —'—KZLI;}L an p€$,d Cd—i—Ke:L- ( )
Using Eq. 66 in Eq. 60 we obtain
t t
Tea(n,t) = Viomp (pdl() _ EJ?()) ’ (68)
Pch,d Pezx,d

where we use the notation to connect to each compartment: I,s g = Neompleomp,ds Vos = NeompVeomp
and

¢ _ fca ’Icomp,d _ fca ‘Ios,d
fca+2 ‘/;ompf fca+2 VosF .

(69)

For example, in a mouse rod with a dark current /,, 4 = 16pA and a cytosolic volume V5 ~ 18um3 =
18 x 107157 [36] we find ¢ ~ 500421 = 0.5
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4.5 Mass-action equation for the free Ca?" concentration

The longitudinal calcium diffusion proceeds with an effective diffusion constant D, ;. By considering
buffering and the diffusion exchanges, we obtain for the free calcium concentration the equation

d . ) pch(t) per(t)
— t) = jac(n,t — . 70
dtc(na ) = Jac(n,t) + B + 1 <pCh7d Dead (70)

with the exchange rate
1 Dc,l
Beo + 1 h(h 4+ w)

Jdc(n,t) = (c(n+1,t) + c(n —1,t) — 2¢(n, t)), (71)

4.6 Coupled system of equations for cGMP and calcium currents

We scale the various quantities using the mean dark concentrations g4 and cy

t t
ity = 900 gy = Y
K 9d K CdK (72)
ka:i; ke;E: exj kch: Ch~
Cq Cd 9d

The equations for the scaled cGMP and Ca?T concentrations are

n
kl

R Ta+ (1 =70)
dg(n,t . ¢ o )N . . R
9(n,?) = Jagln—1,n,n+1,t)+ by o + cn(an ) - (k;spPsp(n,t) + k:liPh-(n,t)) g(n,t)
dt ’ o+ (1 — ry) e
ko*+1
dé(n,t t t
U — a1 (P e
dt DPch,d Pezx,d
with
Bd = kspp:p,comrg
pch(na t) o 1+ kcfih ~ Nep
— = - g(n, 1)
DPch.d g(nv t) ch + kch
Dex (na t) . 1+ ker .
— = ——————¢(n,1),
pe:p,d c(n, t) + kea}
~ _ 1 ﬂ _ 1 fca ’Ios,d’ (74>
d Beg +1cq Bca+1fca+2cd‘/osf.
. I . . .
]d,g(n_17n7n+17t) = m(g(n—’_l’t)_}_g(n_17t)_2g(n7t))
1
jaeln—1Lnn+1,6) = S (é(n+ 1,1) + én — 1,t) — 2¢(n, 1))

Bca + 1 h(h+w)

By inserting Eq. 66 into Eq. 63, we obtain the normalized current

f(n, t) _ Icomp,d - I(TL, t) —1_ 2 pch(na t) + fca pex(n> t) ) (75)
Icomp7d fca +2 Pch,d fca +2 Pezx,d
The overall normalized current from Nco,, compartments is
NCO'VTL NCOTTL
7 Iosd_-[os(t) 1 P 1 R
Io(t) = —0sd — st 4 I(n,t)=1— i(n,1). 76
OS( ) Ios,d Ios,d nzzl ( ) Ncomp nzzl ( ) ( )

The parameter of the simulations are summarized in table 2:
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Table 2: Parameters for the photocurrent simulation

Parameter Definition
Neomp Number of compartments
R OS radius
h Compartment height
w Disk width
a Reaction radius for cGMP hydrolysis by an activated PDE molecule
kene Encounter rate between a ¢cGMP and an activated PDE molecule
ki Rate constant for cGMP hydrolysis by a light-activated PDE
Esp Rate constant for cGMP hydrolysis by a spontaneous activated PDE
Determined from the equation 8g = k'spps*p comp
Ba c¢GMP hydrolysis rate in the dark
gd c¢GMP concentration in the dark
Cd Free calcium concentration in the dark
Iosq OS current in the dark
fea Fraction of current carried by calcium
B Buffering capacity for calcium
K, Michaelis constant for cGMP synthesis
K Michaelis constant for channel opening
Ko Michaelis constant for calcium exchanger
N Hill coefficient for cGMP synthesis
Ta Ratio of minimal to maximal cGMP synthesis rate
Neh, Hill coefficient for channel opening
D, Radial cGMP diffusion constant
D, Radial calcium diffusion constant
Dy, Effective longitudinal cGMP diffusion constant
Do Effective longitudinal calcium diffusion constant
Yd Rate for calcium exchange
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5 Stochastic simulations of the dark noise and the single photon
response (SPR)

We now describe the simulation method of the SPR with dark noise[38]. For each compartment, we
use the SSA algorithm [17] to generate spontaneously activated PDE Py, (n, t) from Poisson activation
and deactivation rates vy, and ps,. To model the single-photon response, we simulated the number
of light-activated PDE Fj5(t) in the compartment where a photon is absorbed. For simplicity, we
assume that a photon is absorbed at the center of the outer segment. However, a different location
would not have a significant effect on the results. Finally, the functions Pg,(n,t) and Pj(t) are input
to the system of equations for calcium and cGMP Eq. 73, from which we can compute the normalized
currents 1(n,t) and I,(t).

Combining all previous results into an integrated model, we can simulate a single-photon response
with intrinsic noise. We present 20 single-photon responses (Fig. 4A) obtained from suction electrode-
recordings in a WT mouse rod that we used to validate the model. Suction-electrode recording are
used because cells could be held for longer times with this method, making it possible to obtain
sufficient data from single cells over a period of several minutes. The data in Fig. 4A are representative
of recordings from 8 rods, which all gave similar results. To generate the calculated single-photon
response curves shown in Fig. 4B, we used simulations of light-activated PDE from Fig. 2C.

Under the experimental recording conditions, the decay time of light-activated PDE is about
200ms [39, 40], and the mean lifetime of excited rhodopsin is of the order of 40 ms [41, 39]. Further-
more, to reconcile the experimental and simulated response amplitude, we increased the transducin
activation rates by a factor 1.75 compared to the toad simulations shown in Fig. 4B, which could be a
result of the higher body temperature [42]. In addition, following this procedure, the average number
of light-activated PDE increases from a value around 6 to around 8.2. The simulated responses in
Fig. 4B show good agreement with the experimental recordings in Fig. 4A; however, the simulated
dark noise (Xg, = 2.3%) is higher compared to the recorded dark noise (X441 = 1.6%). A strong
calcium feedback with no buffering (B., = 1) and no saturation in cGMP synthesis at high calcium
concentrations (r, = 0) reduces both the noise level and the peak amplitude by around 50% [38].

6 Statistical analysis and parameter estimations

The current fluctuations in darkness (absence of photon) generate a noise called dark noise, the
parameters of which can be extracted from the analytical expression of the power spectrum. We derive
here such expression by considering that the dark noise is generated by the spontaneous activations
and deactivations of PDE. From the expression of the dark noise, we estimate the spontaneous PDE
activation process from electrophysiological recordings in the absence of photon response.

Using the model presented in the the previous section, in darkness there not light activated PDE
thus Pj(n,t) = 0. The average value of the scaled quantities CGMP and calcium §(n,t), ¢(n,t) and
I (n,t) is one. Using a linear noise expansion of the Fourier transform of Eq. 73, we obtain

Ncomp

de(w) = Z dé(n,w) ’Ydf — ﬁch(Sg( ) (77)
LO’"L[) /8 NCU””P

~ d o

Sg(w) = Z 54( e > 0P (n,w). (78)

ﬁd_iw /Bdfa,ydsez w n=1
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with

koo
1 (1 B Ta) k:ng—‘rl ko Kex
§a = —Na - e §ch = Neh ch B fex = (79)
ka +1?”a+(1—7“a)krlf§+1 ket + kex
The overall current fluctuation (Eq. 76)
? 1 2 fca 'Ydfex > N
0l,.(w) = + - L0G(w
OS( ) Ncomp <fca+2 fea +27i6ex — iw e g< )
Ncomp
= > 6P (n,w) (80)
comp n—1
where the transfer function is defined by
w
al) = <1 * f fC—T— 2 Yabex — iw) 72£a§ch£ez§Chﬁd Bavaal
ot Bber =00 (1= g ) —iw (1+ S
B (1 _ ’Ydfoééchfeff) (1 + ﬂd'YdEafch)
'ngez—"_ 2 'ngez+w2

Because PDE activations in different compartments are independent, the spectrum of the overall
scaled current I,s(t) is computed from the Lorentzian of a Poisson process (see section2.4):

83,60 = W) S, = o M NOE
P comp Lsp comp Hisp spos  Misp
The current variance is defined by
1 [o°
X = 27r/0 Si (w)dw . (83)

6.1 Power spectrum and variance for the mutant GCAPs~/~ rod

In the mutant mice GCAPs™/~, the Ca?T —feedback on ¢cGMP synthesis is abolished, which can be
modeled by setting n, = 0 in Eq. 73. With £, = 0, the expression for x(w) in Eq. 81 simplifies to

EenbBa

Xilw) = 2 (34
In that case, the power spectrum and variance of the scaled current reduce to
452 /Bd:us
S (w) = = ch b (85)
Los.geap Ps*p,osﬂsp (552[ + w2)(lu’sp + w2)
2 1 2 1
Ef gcap = *Ch Hsp = Cjik Hsp * (86)
Phos 1+ 52 NeompPiy comp 1+ 5

With the parameter values for mouse given in Table 4, we obtain X; ~ 0.055, which agrees

with the value 0.056 extracted from the GCAPs~/~ simulations [38]. Various parameters are given
in table 3 below:

Ios ,gcap
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Table 3: Parameters used to simulate PDE activation

Parameter | Toad | Mouse

Py comp 1.25 0.9
P 150 8.2

li,max

psp(s™h) 1.8 12.4

pp (s7H) | 0.625 5
Ton (8) 3 0.04

N 6 6
kn (s71) 200 350
w 0.1 0.1

we (574 300 300

6.2 Power spectrum and variance with fast calcium dynamics

The role of calcium feedback on cGMP synthesis is to reduce the current fluctuations. This feedback
is efficient when the calcium dynamics is fast compared to the underlying PDE fluctuations, such
that calcium changes can be used to monitor the PDE changes.

To estimate how much feedback reduces the current variance, we derive analytic expressions for
the fast calcium dynamics that we compare to the ones for GCAPs™/~ rods with no calcium feedback.
For example, in a mouse rod, the rate constant v4 governing the calcium dynamics in Eq. 73 has a
value 74 ~ 1670s~! (Eq. 74 with no buffering, B, = 1). Adding buffers (B., > 1) slows down the
dynamics and reduces the feedback.

For ~v4 > &% and vq > Ba€aéen Eq. 81 simplifies to

U &enfa C—1- aden

_E Bd — 1w Cex and fa = Pac 7

xr(w) =

The spectrum and variance of the dark noise with fast calcium dynamics is te product of two Loren-
zians:

1 462 Bg”z
S W) = S50 : v
Ios,fast Ca CZ Ps*p,os,usp (53 + WQ)(ng * w2)
1 & 1
Efos’fastCa = FPS*; os 1 + }/Ep . (89)
) d

Compared to GCAPs ™/~ rods, calcium feedback reduces the amplitude of the dark noise by a factor

EIAOS,gcap
PNE e =
IosfastCa

With mouse parameters from Table 4 we obtain p ~ 2.5 with B., = 80 and r, = 0.066, and p ~ 4.4
with strong feedback achieved for B.,, = 0 and r, = 0. From experimental recordings and dark
noise simulations shown in Fig 4 and Fig 5, we find p = 0.056/0.023 ~ 2.4, in agreement with the
theoretical value.
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7 Parameter extraction from dark noise recordings

Experimental recordings of dark noise in wild type (WT) and GCAPs~/~ knockout mice together
can be used with expressions for the power spectrum and variance to evaluate unknown parameters
invivo.

7.1 Estimation of u, and P}, ., from dark noise recordings in GCAPs™/~ mice

For GCAPs~/~ rods, the power spectrum divided by the variance (Eq. 85 and Eq. 86) reduces to a

double Lorentzian that depends only on the parameters p,, and §4:

(ﬁd + Nsp) /Bd,U/sp
(B3 +w?)(u3, +w?)

S; (w)=4 (91)

Because 3 = 4.1s71 [26] is known for a mouse rod, we used Eq. 91 to extract the unknown spontaneous
PDE deactivation rate figp.

To extract sy, we used the current recordings from GCAPs~/~ mouse rods recorded in darkness
and bright light conditions (Fig. 4A). The latter is needed to estimate the instrumental noise, since
in bright light all channels are closed and the recorded noise is only instrumental noise [7]. Because
instrumental and biological noise are independent, the dark noise power spectrum and variance
can be computed by subtracting the instrumental values. Using eq. 91 to fit the dark-light power
spectrum scaled by the dark-light variance, it is possible to obtain an averaged value ps), = 12.4s7 L.
Subsequently, with the values of p,, and 84, we used Eq. 86 and fitted the unknown mean number

of spontaneously activated PDE per compartment Py, ..., using the measured dark-light variance
(with Neomp = 810). We obtained an average value Py, ..., = 0.9.

7.2 Estimation of the parameters r, and B,., from dark noise recordings in WT
mice

The single-photon response and the dark noise amplitude strongly depend on the calcium feedback.
Eq. 90 shows that the dark noise amplitude can be reduced by a factor 4.4 due to calcium feedback.
By analyzing experimental data from WT and GCAPs~/~ mice, we found a factor around 2.4 (Fig 4
and Fig 5). The strength of the calcium feedback depends on r, and B, (feedback on ¢cGMP
synthesis and buffering capacity). Unfortunately, both values are not precisely known. Most models
assume r, = 0 [43, 44, 36], in [45] a value 7, = 0.072 is used. In [36, 43] a buffering capacity B, = 50
is assumed, B¢, = 20 is used in [45] and B, = 100 in [44].

To estimate r, and B, we computed the dark-light power spectrum from dark noise recordings
in WT rods (Fig. 5A). We fitted r,, and ~4 using Eq. 82 and then used Eq. 74 to compute B, from
vq4- By fitting the spectrum we obtained r, = 0.066 and 74 = 23.4s~'. With the experimental
mean dark current of 17.9pA, we then computed B, = 80, which is in agreement with experimental
recordings [34, 46].

We used these values to simulate the dark noise in a WT rod (Fig. 4B). We quantified the agree-
ment between data and simulations by comparing the probability distributions of the recorded and
simulated current amplitudes (Fig. 4C), and by comparing the experimental dark-light spectrum with
the spectrum extracted from the simulations and with the analytical expression in Eq. 82 (Fig. 5D).
Although we find very good agreement for the power spectra (Fig. 5D), the standard deviation of
the simulated current amplitude (Xg;,, = 2.3%) is about 15% smaller than the experimental value
(Xdark = 2.7%). This difference may result from instrumental noise that increases the recorded noise
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Fig. 4: Single photon responses of mouse and toad rods. (A) Electrophysiological recordings
of single-photon responses (black) from a mouse rod together with the mean response (blue). Mean
(red) and the deterministic simulation (green) from B are superimposed for comparison. Currents
have been normalized to the circulating current in darkness. (B) Single-photon response simulations
for a mouse rod(black) with mean (red) and a simulation of the mean response from a deterministic
model without noise (green). (C) Rods from frog (toad) and mouse showing the large size difference
[38]. (D) Single-photon response simulations for a toad rod (34 = 1s7!). Note the much larger
duration compared to B.
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Table 4: Parameter values used to simulate the photocurrent

Parameter | Toad | Mouse

Neomp 2000 810

R (ppm) 3 0.7

h (nm) 15 15

w (nm) 15 15

a (nm) 3 3
kenc(s™1) 2.9 61
ki(s™h) 2.9 61
Ba (s71) 1 4.1
9d (pM) 3 3
cq (u) 0.3 0.3
Ios.a (pA) 40 17.9
fea 0.12 0.12
va (s71) 92 23.4
B, 1 80

Ky (uM) 0.15 0.1
Kep (uM) 20 20
Keyp (uM) 1.6 1.6
Na 2 2

Ta 0 0.066

Neh 3 3
Dy (pm?s™1) 150 150
Dy, (pm?s~1) 20 40
Doy (pm?s~1) | 20 20
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in darkness, which is not accounted for in the simulation. This effect is much larger for WT than
GCAPs ™/~ rods because WT rods have less intrinsic dark noise.

Fig. 5: Dark noise recordings and simulations for a GCAPs/ mouse rod. (A) Electro-
physiological current recordings in complete darkness (black) and in bright light (red). Bright light
recordings are used to extract the instrumental noise. (B) Simulations of the current fluctuations
in darkness (dark noise). (C) Probability distribution of the amplitudes from panels (A) and (B)
togethe‘ro‘v&nh Gaussian fitg. (B ba@ompgrlsn of the darklight power spectrum from A with the power
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8 Ck ﬁ sign g0t

Thirty year(s of I?Qod[elﬂg% )of 6§1nglesophoton Oresp(?ﬁs Umé?ln)ecﬁéd tosthe statistical analysis of electro-
physml(@lgal recordings led recently tol:slg(?zconclusmn that the blochemlstry and geometry of the rod
may have dvolved and adapt@@ tigether to fizs "

it is unéle esé Selaptations od

To cangtlude, t kable sensitivity
evolutiod expression levk
geometry. Rond to a single. p'E g(i'on by closinglapproximately the same percentage

of outer enb.rnaniels as.in a sead, butit can usewhany fewendG proteins and effector molecules
normalized current amplitude
and achieve higher temporal resolution. How the bloc'ilemlstry of transduction and the geometry of
the outer segment may have evolved together to ensure the detection of single photons is certainly a
new question to address. The surprise of these research is that the conclusion about the co-evolution
of the cel geometry and the biochemistry came from the development of stochastic modeling of the
underlying molecular processes. Similar modeling are expected in many other transduction processes
such as heat sensing, olfaction, auditory transduction. The diversity of the cell geometries involved in

transduction, that have evolved for billions of years remains an open question for modern geometry,
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but the physiology needs to be taken in account.
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